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Abstract
We study the quantization of three-dimensional many-body systems in rotating coordinate
frames defined implicitly by frame conditions. We carry out the elimination of orientational
degrees of freedom in general, giving the Hamiltonian for the N -particle system in a broad class
of body frames in terms of frame conditions and internal coordinates. We obtain several forms
for the kinetic energy operator and compare them to related expressions in the literature.
1 Introduction
The problem of separating the dynamics of quantum many-body systems into collective rotations
and internal motions leads to their quantization in rotating frames. We refer to a rotating frame as
a body frame when the components of the total angular momentum operator in a space-fixed frame
and in the rotating frame satisfy the same commutator algebra as in the rigid body problem. In the
latter case the body frame is essentially unique, up to time-independent rotations and symmetry
transformations of the rigid body. For a general N -particle system there is a large freedom to
choose a body frame. It is thus of interest to study the quantization of many body systems in a
class of body frames as wide as possible.
In this paper we study the quantization of three-dimensional many-body systems in rotating
coordinate frames defined in implicit form by frame, or gauge, conditions. We carry out the
elimination of orientational degrees of freedom in general, giving the Hamiltonian for the N -particle
system in a broad class of body frames in terms of frame conditions and internal coordinates. We
obtain several forms for the kinetic energy operator and compare them to related expressions in the
literature, showing how the coefficient functions are fixed by the frame convention, through frame
conditions, and internal coordinates. In the case of linear frames and body-frame coordinates our
results reduce to those previously obtained in [1].
The generic Hamiltonians discussed here can be applied to specific physical systems by choosing
internal coordinates appropriate to the system under consideration. Those physical problems
include, for instance, the determination of molecular rotation-vibration energy levels and their
wave functions [2], and scattering problems in molecular, atomic and nuclear physics. There is a
vast body of literature on the quantization of many-body systems which we do not try to summarize
here. Broad reviews relevant to the point of view adopted in this paper are given in [3, 4].
∗abouzas@mda.cinvestav.mx
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The outline of the paper is the following. In the next section we discuss several technical
issues related to body frames and the frame conditions defining them that are needed in order
to obtain the Hamiltonian and quantum inner product for a many body system. Those include
the form of admissible frame conditions and their reparameterizations, the body-frame angular
momentum, and internal coordinates. In section 3 we derive the body-frame kinetic energy operator
in standard order in terms of internal coordinates and frame conditions. The form of wave functions
referred to the body frame and their inner product is discussed in section 4, where we also give the
representations of the total angular momentum and kinetic energy operators both as irreducible
matrices and in rigid rotator form. In section 5 we give two alternate forms for the Hamiltonian
and discuss their equivalence with the standard ordered form given in section 3. Also, we make
contact with the gauge-field formalism of [3] by locally expressing gauge fields in terms of frame
conditions. Examples with N = 3 and 4 are briefly examined in sections 6 and 7 as verifications
of the formalism of the previous sections, and the results compared with those from the molecular
literature. In section 8 we give some final remarks.
2 Preliminaries
We consider rotating frames whose definition depends only on the coordinates of the particles and
not on their velocities, nor on the angular velocity of the frame itself. Those frames can always be
defined implicitly by imposing conditions on the position vectors of the particles. Most of the body
frames commonly used in the literature belong to this class, as illustrated in sections 6 and 7 below
with two familiar examples. Another well-known example is the Eckart frame [5, 6]. We do not
impose any restriction on the form of frame conditions, provided they fix the frame uniquely. The
particular case of frame conditions depending linearly on the particles coordinates was considered
in [1] from the point of view of gauge invariance.
2.1 Frame conditions and their reparameterizations
The frame conditions defining the body frame must fix its six degrees of freedom. The translational
degrees of freedom are fixed by choosing the center of mass frame. Thus, the frame conditions take
the form,1
C({r}) ≡
N∑
α=1
mαrα = 0 , Ga({r}) = 0 , a = 1, 2, 3 , (1)
where Ga are three conditions fixing the orientational degrees of freedom. We denote by {r} =
{r1, . . . , rN} a generic configuration2 of the N -particle system. Since lab-frame configurations are
not restricted, any {r} can be a lab-frame configuration. Those configurations satisfying the frame
conditions are denoted by {R} . Thus, C({R}) ≡ 0 ≡ Ga({R}) and such a set {R} of N position
vectors can be a body-frame configuration. We introduce also the following notations,
∂Ga
∂Rα
≡ ∂Ga
∂rα
({R}) , Qai({R}) ≡
N∑
α=1
∂Ga
∂Rαj
εjikRαk , R2ab({R}) ≡
N∑
α=1
1
mα
∂Ga
∂Rαl
∂Gb
∂Rαl
(2)
1The letters a, b, c, d are used for non-tensorial indices, as in Ga. Summation over those indices and their ranges
of variation are always explicitly indicated. We only use the summation convention for tensor indices, denoted by
latin letters i, j, k, l, . . ., which always run from 1 to 3. Greek indices number particles.
2A configuration of the system is actually {r, r˙}. We refer to {r} as a configuration here for convenience.
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which will be used throughout the paper.
In order for the conditions Ga = 0 to fix the orientational freedom they must not be rotation
invariant. Thus, they must satisfy the admissibility condition,
det(Qai({R})) 6= 0 for Ga({R}) = 0 , (3)
except maybe at singular configurations. We also assume that, except for singular configurations,
the relation det(R2ab({R})) 6= 0 for Ga({R}) = 0 is fulfilled so that the frame manifold possesses
a tangent space at {R}. Typically, {Rα = 0} is a singular configuration. Furthermore, for the
two sets of conditions in (1) to be compatible the rotational conditions Ga must be translation
invariant, Ga({rα + v}) = Ga({rα}) for any v. This is satisfied by all usual frame conditions (see,
e.g., [1, 5]). In what follows, however, it will be enough to assume only the weaker form,
N∑
α=1
∂Ga
∂Rαj
= 0 . (4)
The condition C = 0, on the other hand, is clearly rotation invariant.
The frame conditions are obviously not unique. Consider the class of reparameterizations,
G′a({r}) =
3∑
b=1
Pab({r})Gb({r}) , (5)
where Pab({r}) is non-singular on the frame manifold,
det(Pab({R})) 6= 0 for Gc({R}) = 0 . (6)
The frame conditions G′a define the same frame as Ga and we have,
R′2cd =
N∑
α=1
1
mα
∂G′c
Rαj
∂G′d
Rαj
=
3∑
c1,d1=0
Pcc1Pdd1R2c1d1 , Q′ai =
3∑
b=1
PabQbi . (7)
Notice that the reparameterization (5) is not necessarily linear in the frame conditions, since the
coefficients Pab can depend on Ga. For instance Pab = R−2ab satisfies (6) by assumption, and leads
to G′a orthonormal on the frame manifold, i.e., R′2ab = δab. Thus, we could assume without loss
of generality that frame conditions are orthonormal in this sense. We shall not do so, however,
because orthonormalizing a set of frame conditions can be inconvenient in practice.
Another important example is furnished by the reparameterization
Fi({r}) =
3∑
b=1
Q−1ib ({r})Gb({r}) . (8)
From (3) we see that (6) is satisfied. Clearly, Fi depend non-linearly on the Ga. If G′a are any
frame conditions equivalent to the Ga then, in a neighborhood of the frame manifold Ga = 0, they
can be related by a reparameterization of the form (5). Using (7) and (8) we see that the frame
conditions Fi are invariant under reparameterizations of Ga,
F ′i({r}) ≡
3∑
b=1
Q′−1ib ({r})G′b({r}) =
3∑
c=1
Q−1ic ({r})Gc({r}) = Fi({r}) . (9)
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Other reparameterization-invariant quantities involving the frame conditions Ga can be expressed
most economically in terms of Fi and their derivatives
Fiαj ≡ ∂Fi
∂Rαj
=
3∑
a=1
Q−1ia
∂Ga
∂Rαj
. (10)
These quantities play an important role in what follows since, as shown below, the frame con-
ditions Ga enter the Hamiltonian only through Fi and their derivatives. This ensures that H is
reparameterization invariant, as all observables should be.
The previous analysis can be extended to a more general class of reparameterizations of the
frame conditions G′a = Pa[{Gb}], involving arbitray functionals Pa of Gb which are not singular at
Gb = 0. Clearly, only the behavior of the new frame conditions G′a in a small neighborhood of the
frame manifold Ga = 0 is relevant. In such neighborhood we can expand Pa about Ga = 0, thus
obtaining a reparameterization of the form (5).
2.2 Body frame transformation and angular momentum
The transformation relating a configuration {r} of the system in the laboratory frame to the
corresponding configuration {R} in the body frame defined by the conditions (1) is
Rα = U(rα − rcm) (11)
with rcm the center-of-mass position in the lab frame and U = U({θa}) an orthogonal matrix
parameterized by three angular variables {θa}3a=1. Although our approach and results do not
depend on any specific parameterization of the rotation group, some parameterization-dependent
quantities such as the momenta pθa conjugate to θa are physically meaningful and play an important
role in some intermediate calculations. All the information we will need about the parameterization
of U is encoded in the matrices Λ and λ defined by
∂U
∂θa
U
† = ΛaiT i , U
† ∂U
∂θa
= λaiT i , a = 1, 2, 3, (12)
where U † is the tranpose of U and T j are the standard generators of the so(3) algebra, (T j)ik =
εijk. The three matrices ∂U/∂θaU
†, a = 1, 2, 3, must be a basis of so(3) for all values of {θb} if the
parameterization is to be well defined. Thus, the matrix Λai is invertible and, analogously, so is λai.
From the unimodularity of U it follows that U †T iU = UijT j and then, from (12), λaj = ΛaiUij.
The frame conditions (1) determine the time dependence of {θa} so that, given a trajectory
{rα(t)} of the system in the lab frame, we have Ga({Rα(t)}) = Ga({U ({θa(t)})(rα(t)− rcm)}) = 0
for all t. From (11) we then have, with M the total mass of the system,
∂Rβi
∂rαj
=
(
δαβ − mα
M
)
Uij +
∂Uik
∂rαj
UlkRβl . (13)
Substituting (13) into the relation ∂Ga/∂Rαj = 0, and using the definition (2) for Q and the
antisymmetry of (∂Uik/∂rαjUlk) in i and l, we obtain the relation
∂Uik
∂rαj
Ulk =
3∑
a=1
εilmQ−1ma
∂Ga
∂Rαn
Unj = εilmFmαnUnj , (14)
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which expresses ∂U/∂rαjU
† in terms of {Rγ} and {θb}. This expression characterizes the depen-
dence of U on {rα}, and will be important below, especially in the discussion of angular momentum.
Some further consequences of (14) are discussed in appendix A. Together, (13) and (14) lead to
∂Rβi
∂rαj
=
(
δαβ − mα
M
)
Uij + εiklFlαmUmjRβk , (15)
which will also be useful below.
From (11) and ∂Rαi/∂θa = 0 we get
∂rαi
∂θa
=
∂Uki
∂θa
Ukj(rαj − rcmj) . (16)
We assume that interactions among particles do not depend on their velocities. Classically, the
momenta pθa conjugate to θa is then pθa = ∂L/∂θ˙a =
∑N
α=1(∂rαi/∂θa)(∂L/∂r˙αi) where L is the
classical Lagrangian in the lab frame. Thus, taking (12) and (16) into account, we have
pθa = −λai(li − lcmi) = −ΛajLj with lcm ≡Mrcm ∧ r˙cm , L = U(l − lcm) . (17)
lcm is the center-of-mass angular momentum in the lab frame, and L the total angular momentum
about the center of mass in the moving frame.
In the lab frame the angular momentum operator l satisfies the usual commutator algebra.
Using (14), the definition (2) of Q, and the unimodularity of U , we obtain,
[li, Ujk] =
N∑
α=1
εilmrαl
1
i
∂Ujk
∂rαm
= iεiknUjn . (18)
Using (18) and the definition (17) of L, its commutators can now be computed
[Li, Ujk] = −iεijnUnk , [li, Lj ] = 0 , [Li, Lj] = −iεijkLk . (19)
The commutators among components of l and L are the same as those for a rigid body, with l the
angular momentum in the laboratory and L in the body frame. We notice also that [li, Rαj ] = 0 =
[Li, Rαj ] as expected, since in the body frame rotations act only on the angles {θa}.
2.3 Internal coordinates
In order to describe the dynamics we introduce a set of 3N − 6 internal coordinates {ta}3N−6a=1
defined locally as independent rotation- and translation-invariant functions of configuration space
ta = ta({r}). Some consequences of the Euclidean invariance of ta which will be used below are
ta({r}) = ta({R}) and, introducing notations analogous to the first of (2),
∂ta
∂Rα
≡ ∂ta
∂rα
({R}) = U ∂ta
∂rα
({r}) , ∂
2ta
∂Rαj∂Rαj
≡ ∂
2ta
∂rαj∂rαj
({R}) = ∂
2ta
∂rαj∂rαj
({r}) (20)
which can be derived using (11) and (14). The body frame, specified by the frame conditions (1),
fixes relations of the formRα = Rα({ta}) such that the conditions (1) are satisfied identically when
evaluated on Rα({ta}). Thus, the functions Rα({ta}) are a parametric solution to the conditions
(1). Through the relation inverse to (11), rα = U
†({θa})Rα({tb}) + rcm, the internal coordinates
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{tb} together with the orientational and translational ones, {θa} and rcm resp., give a set of 3N
local coordinates in configurations space.
Usually, internal coordinates are given as 3N−6 independent functions {ta} of as many indepen-
dent Euclidean invariants chosen out of the set of all dot and triple products among {rα−rβ}Nα,β=1.
One way of introducing local coordinates in configuration space is to start with a parametric solu-
tion {R({Q})} to the frame conditions, where {Q} = {Qa}3N−6a=1 is a set of independent parameters.
These parametric relations can be inverted to give 3N − 6 local coordinates Qa({R}) on the body
frame. Such “inverse” is clearly not unique, however, since at each point {R} in the body frame
the functions
Q′a({r}) = Qa({r}) +
3∑
b=1
λab({r})Gb({r}) + λa({r}) · C({r})
with λab and λa arbitrary coefficient functions, take on the same values as Qa({r}). That ambiguity
can be fixed by imposing additional conditions such as
∑3
α=1 ∂Qa/∂Rα = 0 and either
3∑
α=1
1
mα
∂Ga
∂Rα
∂Qb
∂Rα
= 0 , 1 ≤ a ≤ 3 , 1 ≤ b ≤ 3N − 6 (21a)
or
3∑
α=1
Rα ∧ ∂Qb
∂Rα
= 0 , 1 ≤ b ≤ 3N − 6 . (21b)
The first set of conditions fixes the ambiguity because det(R2({R})) 6= 0, and the second because
det(Qai({R})) 6= 0, by assumption. Once the ambiguity has been fixed, to each configuration {R}
in the body frame there corresponds one and (except at singular points) only one set of parameters
Qa({R}). We call those parameters body-frame coordinates. Rotation- and translation-invariant
coordinates in configuration space can be obtained locally by extending the body-frame coordinates
by rotation and translation, ta({r}) = Qa({R({r})}), with Rα({r}) given by (11). These ta are
invariant under Euclidean motions because {R({r})} are.
The body frame coordinates Qa, considered as local functions of configuration space Qa({r})
are not, in general, rotation or translation invariant. For instance, when the frame conditions are
linear the Qa({r}) can be chosen to be linear functions of {r}, therefore not rotation invariant,
as in the case of normal coordinates in the Eckart frame. A simple example is given in section
6.1. The derivation of the Hamiltonian operator and Hilbert-space inner product in terms of linear
body-frame coordinates and their conjugate momenta has been discussed in detail in [1, 7]. In
this paper we confine ourselves to a dynamical description in terms of Euclidean-invariant internal
coordinates {ta}.
2.4 Hamiltonian operator in configuration space
The kinetic-energy operator in the lab frame is given by the familiar expression
K = −1
2
N∑
α=1
1
mα
∂2
∂rαj∂rαj
. (22)
In this equation and in what follows we use units such that ~ = 1 unless otherwise stated. In terms
of mass-weighted position vectors r′α =
√
mαrα, K takes the form of (−1/2 times) a Laplacian
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operator in Cartesian coordinates in 3N dimensional space. Given a set {q} = {q1, . . . , q3N} of
curvilinear coordinates in configuration space we can write K as a Laplacian in either one of two
commonly used forms. Application of the chain rule to (22) leads to the standard ordering, with
all derivative operators to the right of coefficient functions,
K = −1
2
3N∑
a,b=1
k−1ab
∂
∂qa
∂
∂qb
− 1
2
3N∑
b=1
kb
∂
∂qb
,
k−1ab =
N∑
α=1
1
mα
∂qa
∂rαj
∂qb
∂rαj
, kab =
N∑
α=1
mα
∂rαj
∂qa
∂rαj
∂qb
, kb =
N∑
α=1
1
mα
∂2qb
∂rαj∂rαj
.
(23)
This form for the kinetic energy has been widely used in molecular physics and leads to expressions
which are usually simpler than in Weyl ordering. An equivalent expression is
K = − 1
2J
3N∑
a,b=1
∂
∂qa
k−1ab J
∂
∂qb
, J = det(kab)
1/2 . (24)
Despite their equivalence, (23) and (24) lead to considerably different forms for the kinetic energy
operator for many-body systems, especially after the momenta conjugate to orientational variables
are eliminated in favor of the total angular momentum. Those forms, and the relations among
them, are discussed below in sections 3 and 5.
3 Hamiltonian operator in standard ordering
The kinetic energy can be expressed in terms of internal coordinates within a given frame convention
(1) by taking {q} in (23) to be the union of the set {ta}3N−6a=1 with the orientational coordinates
{θb}3b=1 and the lab frame center-of-mass vector rcm. The kinetic energy term depending on
rcm trivially decouples from the other degrees of freedom so we simply ignore it in what follows.
We introduce the notations pa = −i∂/∂ta (a = 1, . . . , 3N − 6), pθb = −i∂/∂θb (b = 1, 2, 3) and
K = K0+Kθ1+Kθ2, where K0, the vibrational kinetic energy, does not contain pθa , Kθ1 contains the
term quadratic in pθa and those terms linear in pθa whose coefficients involve only first derivatives
of θa with respect to {r}, and Kθ2 gathers the remaining terms linear in pθa , with coefficients given
by second derivatives of θa.
An expression for K0 can be immediately obtained from (23) as,
K0 = 1
2
3N−6∑
a,b=1
gabpapb +
1
2i
3N−6∑
b=1
gbpb ,
gab =
N∑
α=1
1
mα
∂ta
∂Rαj
∂tb
∂Rαj
, gb =
N∑
α=1
1
mα
∂2tb
∂Rαj∂Rαj
,
(25)
where use was made of (20). Notice that gab and gb depend only on {ta}.
In order to obtain Kθ1 we need to specify the dependence of the orientational coordinates {θa}
on the lab frame coordinates {r}. Using (12) we have
∂Uik
∂rαj
Ulk =
3∑
b=1
∂θb
∂rαj
Λbmεiml . (26)
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Equating the r.h.s. of (26) to that of (14), we obtain the dependence of θa on lab frame coordinates
in terms of the frame conditions (1),
∂θa
∂rαj
= −Λ−1maFmαiUij , a = 1, 2, 3 . (27)
This expression is independent of the frame-conditions parameterization, as it should be. From
(27) and (20), the corresponding blocks in the matrix k−1ab defined in (23) are
k−1aθb =
N∑
α=1
1
mα
∂ta
∂rαj
∂θb
∂rαj
= −
N∑
α=1
1
mα
Fmαj ∂ta
∂Rαj
Λ−1mb
k−1θaθb =
N∑
α=1
1
mα
∂θa
∂rαj
∂θb
∂rαj
= N−1mnΛ−1maΛ−1nb , N−1ij =
3∑
c,d=1
R2cdQ−1ic Q−1jd =
N∑
α=1
1
mα
FiαkFjαk .
(28)
The remaining block k−1θab is obtained from k
−1
aθb
by symmetry. The coefficients (28) fix the form of
Kθ1. Furthermore, we can eliminate pθa in favor of the body-frame angular momentum L with the
aid of (17). Taking account of the ordering of operators we get,
Kθ1 =
3N−6∑
a=1
DakpaLk + 1
2
N−1ij LiLj +N−1ij
3∑
a,b=1
Λ−1ia
∂Λ−1jb
∂θa
∂
∂θb
,
Dak =
N∑
α=1
1
mα
Fkαl ∂ta
∂Rαl
.
(29)
The coefficients of the first two terms in Kθ1 depend only on {ta}. There still is dependence on
{θb} in the last term, which will cancel against an analogous term in Kθ2. We turn to the latter
next.
The operator Kθ2 is linear in pθa, with coefficients kθa given by (23) with qb substituted by θa.
The second derivative of θa is obtained by differentiating both sides of (27) with respect to rαj .
Using
∂Λ−1ma
∂rαj
=
3∑
d=1
∂θd
∂rαj
∂Λ−1ma
∂θd
with ∂θd/∂rαj given by (27), and the expression for ∂Uij/∂rαj from (14), we get,
kθa =
N∑
α=1
1
mα
∂2θa
∂rαj∂rαj
=
3∑
d=1
N−1lm Λ−1ld
∂Λ−1ma
∂θd
+ Λ−1la Bl
Bl = −
N∑
α=1
1
mα
∂Flαi
∂rαj
Uij − εinm
N∑
α=1
1
mα
FlαiFmαn .
(30)
Since Frαi by its definition (10) depends on {ta} only, using the rotation invariance of ta we can
write,
Bl = −
N∑
α=1
1
mα
(
∂Flαi
∂Rαi
+ εinmFmαnFlαi
)
, (31a)
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with
∂Flαi
∂Rαi
≡ ∂Flαi
∂rαi
({R}) =
3N−6∑
a=1
∂Flαi
∂ta
∂ta
∂Rαi
. (31b)
(In appendix A we rewrite (31b) in a completely different way in terms of U .) Therefore,
Kθ2 = −1
2
3∑
a=1
kθa
∂
∂θa
= −1
2
3∑
a=1
N−1lm Λ−1ld
∂Λ−1ma
∂θd
∂
∂θa
+
i
2
BkLk . (32)
Thus, K0, Kθ1 and Kθ2 add up to the total kinetic energy operator,
K = K0 +K1 +K2 , K1 =
3N−6∑
a=1
DakpaLk + i
2
BkLk , K2 = 1
2
N−1ij LiLj , (33)
where K0 is given in (25), Dak and Bk are given in (29) and (31a) resp., and N−1ij in (28). The
notation used in (33) is such that Kn, n = 0, 1, 2, depends on the nth power of the body-frame
angular momentum. The coefficient functions in K depend on {ta} only, as expected by rotation
invariance. Clearly, K is invariant under frame-conditions reparameterizations, and independent
of the parameterization of the rotation group used to define the orientational variables {θa}. The
second term in K1 is purely quantum mechanical, since Bk ∝ ~ as can easily be checked by
dimensional analysis. The origin of this term lies in the operator ordering, in the same way as
other orderings (such as e.g., Weyl ordering) give rise to quantum potentials [1]. The form of Bk is
further simplified by the fact that the first term in the parentheses in (31a) vanishes for the most
usual choices of frame such as the N -body Eckart frame, and also in the examples in sections 6
and 7 below.
4 Inner product. Matrix and rigid-rotator Hamiltonians
Due to translation invariance the lab-frame wave function can be factored as Ψ(0)({r}) = ψ(0)({rα−
rcm}) exp(ikcm ·rcm), with the subindex (0) indicating lab frame. Starting with the canonical inner
product in the lab frame and changing variables to {ta}, {θb}, rcm we get,
〈Ψ˜|Ψ〉 =
∫ 3N−6∏
a=1
dta
3∏
b=1
dθbJ ψ˜∗(0)({U †Rα})ψ(0)({U †Rα}) . (34)
Here we already integrated over rcm, obtaining a momentum-conservation δ function which we
omit. The Jacobian J can be expressed in terms of internal coordinates by means of the relation
J =
∣∣∣∣∣det
(
∂qa
∂rαj
)−1∣∣∣∣∣ =
∣∣∣∣∣det
(
∂qa
∂Rαj
)−1∣∣∣∣∣ = |Λ|J˜ , (35)
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where |Λ| = det(Λai), with Λai defined in (14), and ∂qa/∂Rαj = Ukj∂qa/∂rαk and we used (27).
1/J˜ in (35) is the absolute value of the determinant of the 3N × 3N matrix
∂t1/∂R1X ∂t1/∂R1Y . . . ∂t1/∂RNZ
...
...
...
∂t3N−6/∂R1X ∂t3N−6/∂R1Y . . . ∂t3N−6/∂RNZ
−F11X −F11Y . . . −F1NZ
...
...
...
−F31X −F31Y . . . −F3NZ
∂rcmX/∂r1X ∂rcmX/∂r1Y . . . ∂rcmX/∂rNZ
...
...
...
∂rcmZ/∂r1X ∂rcmZ/∂r1Y . . . ∂rcmZ/∂rNZ

. (36)
The minus signs in the three middle rows are of course unimportant in (35). Notice that the
quantities Fiαj are completely determined by the frame conditions, and are usually much simpler
in form than gradients of Euler angles. The Jacobian J as given in (24), which is proportional to
J , can be computed with the derivatives (27) in terms of the matrix gab from (25). The procedure
in this case is closely analogous to the case of linear frame conditions discussed in [1]. We will not
dwell on that calculation, whose result and its derivation have been considered in [3]. With our
notation we have,
J =
N∏
α=1
m3/2α J =M3/2|Λ|
|M |1/2
|g|1/2 , (37)
whereM =
∑
αmα,M is the body-frame inertia tensor and |M | its determinant and |g| = det gab
with gab from (25). Below we denote dVθ =
∏3
b=1 dθb|Λ| the invariant measure on SO(3), with total
volume Vθ = 8π
2.
Since K commutes with (l− lcm)2 = L2 and (lz− lcmz) we can choose ψ(0) = ψ(0)ℓm({rα−rcm})
to be an eigenfunction of those operators. The body-frame wave functions are then
ψℓm({R}, {θa}) = ψ(0)ℓm({U †({θa})R}) =
√
2ℓ+ 1
ℓ∑
s=−ℓ
ψ(0)ℓs({R})Dℓ∗ms({θa}) (38a)
with
Dℓ∗m′m({θa}) =
∫
d2êY ∗lm′(ê)Ylm(U({θa})ê) (38b)
where ê is a unit vector varying over the unit sphere and Dℓm′m({θa}) the irreducible matrix
representing the rotation U({θa}). In terms of the wave functions (38) we have,
〈Ψ˜ℓm|Ψℓm′〉 = δmm′Vθ
ℓ∑
n=−ℓ
∫ 3N−6∏
a=1
dta J˜ ψ˜∗(0)ℓn({R})ψ(0)ℓn ({R}) . (39)
The action of the lab frame angular momentum on the body-frame wave functions (38) is given
by,
liψℓm({R}, {θa}) = −
√
2ℓ+ 1
ℓ∑
s,q=−ℓ
ψ(0)ℓs({R})
(
L(ℓ)i
)
qm
Dℓ∗qs({θa}) , (40)
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where L(ℓ)i is the standard angular momentum Hermitian matrix in the representation of irreducible
tensors of order ℓ, [8](
L(ℓ)i
)
km
=
∫
d2êY ∗lk(ê)εipqep
1
i
∂
∂eq
Ylm(ê) =
3∑
a=1
(
λ−1ia ({αa})
1
i
∂
∂αa
)
αa=0
Dℓkm({αa}) . (41)
The matrix λ−1ia ({αa}) in (41) is as defined in (12). Analogously, the body-frame angular momen-
tum operator acts as,
Liψℓm({R}, {θa}) = −
√
2ℓ+ 1
ℓ∑
s,q=−ℓ
ψ(0)ℓs({R})
(
L(ℓ)i
)
sq
Dℓ∗mq({θa}) . (42)
Thus, we can represent K by means of its matrix elements between angular-momentum eigenfunc-
tions in terms of the matrices L(ℓ)i . We need consider only matrix elements between wave functions
with different “radial” quantum numbers, but the same angular dependence, so that,
1
Vθ
∫
dVθ ψ˜
∗
lm({R}, {θa})Kψlm({R}, {θb}) =
ℓ∑
p,q=−ℓ
ψ˜∗(0)lp({R})K̂pqψ(0)lq({R})
K̂pq ≡ K0δpq −
3N−6∑
a=1
Dakpa
(
L(ℓ)k
)
qp
− i
2
Bk
(
L(ℓ)k
)
qp
+
1
2
N−1ij
(
L(ℓ)i
)
qr
(
L(ℓ)j
)
rp
.
(43)
In this equation the operator K0 and the coefficient functions Dak, Bk and N−1ij are as in (33).
Instead of the body frame wave functions (38) we can introduce the alternative basis,
φℓ({R}, ê) =
ℓ∑
m=−ℓ
ψ(0)lm({R})Y ∗lm(ê) . (44)
These wave functions, not eigenfunctions of lz, depend on a unit vector ê representing a fictitious
rigid rotator of total angular momentum ℓ. In terms of φℓ we have,
1
Vθ
∫
dVθ ψ˜
∗
lr({R}, {θa})Lpψls({R}, {θb}) = δrs
∫
d2ê φ˜∗ℓ ({R}, ê)Spφ∗ℓ ({R}, ê) , (45a)
Sp =
1
i
εpqreq
∂
∂er
. (45b)
The factor δrs on the r.h.s. of (45a) is due to the fact that Lp commutes with lz (see (19)).
Expression (45b) for Sp is not affected by the constraint ê · ê = 1, that is, the derivatives can be
computed without taking that constraint into account, as can be easily checked. Alternatively, the
operator Sp can be expressed in terms of the spherical angles θ, φ of ê and derivatives with respect
to them. Therefore, from (33) and (45a) we have
1
Vθ
∫
dVθψ˜
∗
lm({R}, {θa})Kψlm({R}, {θb}) =
∫
d2êφ˜∗l ({R}, ê)K̂φl({R}, ê) (46)
with K̂ having the same form as K in (33), but with the angular momentum L replaced by S
as given by (45b). Actually, the product LiLj in (33) is mapped into SjSi, but that product is
contracted with N−1ij which is symmetric. This rigid-rotator formalism, based on the wave functions
(44) and the Hamiltonian (46), is a useful alternative to the matrix formalism based on (38), (41)
and (43). It appears naturally in the gauge-invariant approach of [1].
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5 Other forms for the Hamiltonian
Other forms for the many-body Hamiltonian in a body-fixed frame, based on expression (24) for
the Laplacian, have been given in the literature (see, e.g., [3, 9] and references therein). In this
section we discuss the derivation of the kinetic energy operator in the form (24) from the point of
view of frame conditions and establish relations among these results and those of section 3. Our
notation follows that of [3].
In order to express the kinetic energy in the form (24) it is convenient to write the matrix k−1ab
in a form different from that used in sec. 3. Defining,
hab =
N∑
α=1
mα
∂Rαi
∂ta
∂Rαi
∂tb
(47)
and using the chain rule we get,
∂ta
∂rαi
=
3N−6∑
b=1
N∑
β=1
mβh
−1
ab
∂Rαj
∂tb
∂Rαj
∂rαi
. (48)
Substituting (48) in the definition (25) of gab, and using the derivatives (15), we get,
gab = h
−1
ab +
3N−6∑
c,d=1
h−1ac h
−1
bd aciadjN−1ij (49)
with N−1ij defined in (28) and
ad =
N∑
β=1
mβRβ ∧ ∂Rβ
∂ta
. (50)
Several relations between gab and hab, and between M and N , analogous to (49) are summarized
in appendix B. Eq. (49) fixes the form of k−1ab in (24) for 1 ≤ a, b ≤ 3N − 6.
Similarly, we can obtain a compact expression for the off-diagonal blocks of k−1ab . Using (48)
and (15) together with the frame conditions Ga and their translation invariance, we obtain,
k−1aθb =
3N−6∑
c=1
h−1ac acjN−1jk Λ−1kb , (51)
to be compared with the corresponding expression in (28). The block k−1θaθb is as given in (28). As
in sect. 3 we omit here for brevity the terms involving the center-of-mass degrees of freedom, which
are dynamically trivial. With these expressions for k−1ab we can compute its determinant 1/J
2, by
factoring the matrix appropriately. We again omit the details [1, 3] and state the result
J =M3/2|Λ||N |1/2|h|1/2 , (52)
with |h| = det(hab) and |N | = det(N ). Comparing (52) with (37) yields |M |/|g| = |h||N | [3].
The matrix k−1ab and J are all we need in order to obtain the kinetic-energy operator K from
(24). We can, however, eliminate all dependence on orientational degrees of freedom by means of
the well-known relations (see [1] and refs. therein)
Li = i
3∑
a=1
Λ−1ia
∂
∂θa
=
i
|Λ|
3∑
b=1
∂
∂θb
Λ−1ib |Λ| . (53)
12
With this, we finally get,
K = 1
2|N |1/2|h|1/2
3N−6∑
a,b=1
pah
−1
ab |h|1/2|N |1/2pb
+
1
2|N |1/2|h|1/2
Li − 3N−6∑
b,b′=1
pbh
−1
bb′ ab′i
 |N |1/2|h|1/2N−1ij
Lj − 3N−6∑
d,d′=1
h−1dd′ad′jpd
 . (54)
Notice the ordering of operators in (54). K can be Weyl ordered most easily after performing
a transformation of the form JK 1/J , leading to a quantum potential term. Weyl ordering is
considered in detail in the case of linear frame conditions in [1], and the same procedure can be
applied to the case of general frame conditions discussed in this paper. The expression for the
quantum potential, however, seems to us to be too complicated to be useful in practice so we
omit the results. Other orderings are of course possible, although with similar caveats about the
associated quantum potentials. That is an advantage, from our point of view, of the standard
ordering given in section 3.
We can rewrite K as given by (54) in terms of gab andM−1, instead of h−1ab and N−1, by using
relations (49), (37) and (52), and (B.6), to find
K = 1
2
M−1ij LiLj +
1
2
|g|1/2
|M |1/2
3N−6∑
a,b=1
(pa −AaiLi) |M |
1/2
|g|1/2 gab (pb −AbjLj) . (55)
Here we defined [3]
Aa =M
−1
aa , 1 ≤ a ≤ 3N − 6 . (56)
In the form (55) all dependence of K on frame conditions is implicit in the relations Rα = Rα({ta}),
which enters K through gab and Aa and also through M−1 when expressed in terms of internal
coordinates. It is interesting to point out that for the most commonly used frames the 3×3 matrix
Qai defined in (2) is much simpler to invert thanM , and that is the only matrix inversion needed
to obtain K as given in (33).
Comparing the expressions (54) and (55) with (33) we can obtain relations among their coeffi-
cients. The equivalence of the purely vibrational terms in (33) and (54) is immediate once we take
into account (B.8) and the equivalence between the two standard forms for the Laplacian (23) and
(24). Similarly, the terms quadratic in L in (33) and (54) are obviously equal and equivalent to
that in (55) by (B.6). Notice that N−1ij , which is usually defined [3] as in (B.4) or (B.6), can be
compactly expressed in terms of frame conditions by our definition (28).
Equating the terms linear in L in (33), (54) and (55) we get the relations,
Ddq = −M−1qr
3N−6∑
d′=1
gdd′ad′r = −N−1qr
3N−6∑
d′=1
h−1dd′ad′r (57a)
i
2
Bq = 1
2
|g|1/2
|M |1/2
3N−6∑
d=1
(
pd
|M |1/2
|g|1/2 Ddq
)
=
1
2|N |1/2|h|1/2
3N−6∑
d=1
(
pd|N |1/2|h|1/2Ddq
)
(57b)
with Ddq and Bq defined in (29) and (30), respectively. These relations can be proved directly,
providing a consistency check on our results. An important consequence of (57a) is that it allows
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us to write Aa, at least locally, in terms of frame conditions,
Abi = −
3N−6∑
c=1
g−1bc Dci , or abi = −Nik
3N−6∑
c=1
hbcDci , a = 1, . . . , 3N − 6 , (58)
with Dci given by (29). Notice that these relations cannot be obtained from (49) or the equalities
in appendix B, which always involve aa or Aa quadratically. Through (58) we can write any
expression involving the gauge fields Aa [3] in terms of internal coordinates and frame conditions.
6 The case N=3
We consider here the case N = 3 both as an example and a verification of the foregoing, obtaining
the Hamiltonian in two different body frames, one defined by linear conditions and the other by
quadratic ones. We choose internal coordinates t1 ≡ ρ1, t2 ≡ ρ2 and t3 ≡ θ which are standard in
molecular physics,
ρ1 = |r1 − r3| , ρ2 = |r2 − r3| , cos θ = 1
ρ1ρ2
(r1 − r3) · (r2 − r3) . (59)
with conjugate momenta denoted by pa, a = 1, 2, 3. We define also the reduced masses 1/m13 =
1/m1 + 1/m3 and analogously m23.
6.1 Linear frame conditions
A linear body frame with origin at the center of mass can be defined by choosing the Y axis
orthogonal to the plane of the system, Ŷ ∝ (r2 − r3) ∧ (r1 − r3), the Z axis along r1 − r3, and
X̂ = Ŷ ∧ Ẑ. The frame conditions are then,
C ≡
N∑
α=1
mα
M
rα = 0 , G1 ≡ r1x − r3x = 0 , G2 ≡ r1y − Cy = 0 , G3 ≡ r2y − Cy = 0 . (60)
Notice that Ga are written so they are explicitly translation invariant. From (25) and (59) we get,
g11 =
1
m13
, g12 =
cos θ
m3
, g13 = − sin θ
m3ρ2
g22 =
1
m23
, g23 = − sin θ
m3ρ1
, g33 =
1
m13ρ21
+
1
m23ρ22
− 2 cos θ
m3ρ1ρ2
g1 =
2
m13ρ1
, g2 =
2
m23ρ2
, g3 = cot θ
(
1
m13ρ21
+
1
m23ρ22
)
− 2
m3ρ1ρ2 sin θ
,
(61)
and the Jacobian entering the inner product (39) is found to be J˜ = ρ21ρ22 sin θ. The coefficients
(61) fix the form of K0 as given in (23). With the frame conditions (60) and the internal coordinates
(59), from (10) we obtain,
F11 = − 1
ρ1
Ŷ , F12 = 0 , F13 =
1
ρ1
Ŷ ,
F21 =
1
ρ1
X̂ , F22 = 0 , F23 = − 1
ρ1
X̂ ,
F31 = −cot θ
ρ1
Ŷ , F32 =
1
ρ2 sin θ
Ŷ , F33 = −ρ1 − ρ2 cos θ
ρ1ρ2 sin θ
Ŷ ,
(62)
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with the notation Faα ≡ (Faα1,Faα2,Faα3). We omit the details of the calculation ofN−1ij , Dak and
Bl (see (28), (29) and (30), resp.). Rather, we give the result for K, from which those coefficients
can be read off. The kinetic-energy operator for this system is given by (33) as K = K0+K1+K2,
with K0 resulting from (61) and with
K1 = − sin θ
m3ρ1
p2LY +
(
1
m13ρ
2
1
− cos θ
m3ρ1ρ2
)
p3LY +
i
2 sin θ
(
1
m3ρ1ρ2
− cos θ
m13ρ
2
1
)
LY
K2 = 1
2m13ρ
2
1
L2X +
1
2
(
1
m3ρ1ρ2 sin θ
− 1
m13ρ
2
1 tan θ
)
{LX , LZ}+ 1
2m13ρ
2
1
L2Y
+
1
2
((
1
m13ρ21
+
1
m23ρ22
)
1
sin2 θ
− 1
m13ρ21
− 2 cos θ
m3ρ1ρ2 sin
2 θ
)
L2Z .
(63)
These results agree exactly with those of [2] once we take into account that the kinetic operator
defined there is ρ1ρ2K 1/(ρ1ρ2) in our notation.
In this example, since the frame conditions are linear, we can choose a set of linear body-frame
coordinates satisfying (21a). We set Q1 = R1Z − R3Z , Q2 = R2Z − R3Z , Q3 = R2X − R3X .
These coordinates Qa can be extended to all of configuration space by linearity, yielding a set of
non-rotation-invariant coordinates Q1({r}) = r1z − r3z, etc. In order to extend them to rotation-
invariant internal coordinates we express them in terms of scalar products of body-frame position-
vectors. Such procedure leads to a set of coordinates equivalent to (59), which with the same
notation are written as ρ1, ρ2 cos θ, ρ2 sin θ.
6.2 Quadratic frame conditions
Another frame for the three-body system used in the molecular-physics literature is defined as a
modification of the previous one, choosing the Z axis to bisect the angle θ between r1 − r3 and
r2 − r3. The frame conditions are as in (60), except that G1 now takes the form
G1({r}) ≡ (r1x − r3x)(r2z − r3z) + (r1z − r3z)(r2x − r3x) = 0 . (64)
This frame differs from the body-frame of section 6.1 by a time-dependent rotation in an angle θ/2
around the Ŷ axis. Since internal coordinates are rotation invariant, gab and gb, and therefore also
K0, are as in (61). The Jacobian J˜ also remains the same as above.
The modified frame conditions (64) lead to,
F11 = − 1
2ρ1 cos
θ
2
Ŷ , F21 = 1
2ρ1
cos
θ
2
X̂ − 1
2ρ1
sin
θ
2
Ẑ , F31 = 1
2ρ1 sin
θ
2
Ŷ
F12 = − 1
2ρ2 cos
θ
2
Ŷ , F22 = 1
2ρ2
cos
θ
2
X̂ +
1
2ρ2
sin
θ
2
Ẑ , F32 = − 1
2ρ2 sin
θ
2
Ŷ
F13 = − ρ1 + ρ2
2ρ1ρ2 cos
θ
2
Ŷ , F23 = − 1
2ρ+
cos
θ
2
X̂ − 1
2ρ−
sin
θ
2
Ẑ , F33 = ρ1 − ρ2
2ρ1ρ2 sin
θ
2
Ŷ ,
(65)
where the notation is as in (62) and 1/ρ± = ±1/ρ1 + 1/ρ2. The kinetic energy is then K =
K0 +K1 +K2, with K0 given by (61) and with
K1 = sin θ
2m3
(
1
ρ2
p1 − 1
ρ1
p2
)
LY +
1
2
(
1
m13ρ
2
1
− 1
m23ρ
2
2
)(
cot θ
2i
+ p3
)
LY
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K2 = 1
8 cos2 θ2
(
1
m13ρ21
+
1
m23ρ22
+
2
m3ρ1ρ2
)
L2X +
1
8
(
1
m13ρ21
+
1
m23ρ22
+
2cos θ
m3ρ1ρ2
)
L2Y (66)
+
1
8 sin2 θ2
(
1
m13ρ21
+
1
m23ρ22
− 2
m3ρ1ρ2
)
L2Z +
1
4 sin θ
(
1
m23ρ22
− 1
m13ρ21
)
{LX , LZ} .
This expression for K agrees with the result given in [10], as corrected in [2], taking into account
that their operator corresponds to ρ1ρ2K 1/(ρ1ρ2) in our notation.
7 The case N=4
As a further example we consider in this section a four-particle system. Our choices of frame
and internal coordinates below are appropriate for a system with the topology of the formalde-
hyde molecule, though the results are also applicable to other systems for which those choices are
not singular at the equilibrium configuration. The vibrational Hamiltonian for the formaldehyde
molecule has been given, in the Born-Oppenheimer approximation, e.g., in [2] (see section 4.3 and
appendix A.) Other explicit results for four-body systems are given in [4] and references therein.
Here we use a set of internal coordinates which, combined with the general results given above,
greatly simplify calculations and lead to moderately simple results for the total Hamiltonian, in-
cluding rotation and vibration-rotation terms. One drawback of our coordinate choice, however, is
that it also results in a complicated expression for the inner product. This section is not meant as
an exhaustive kinematic analysis of the four-body problem, but rather as an example of the results
given above.
In this section we label the particles with capital letters, α = A, . . . ,D. In the case of the
formaldehyde molecule D would refer to the carbon atom, A to the oxygen, and B and C to the
hydrogen atoms. We choose a frame with origin at the center of mass whose Z axis lies along
RAD ≡ RA−RD, and the Y axis is defined by the condition that RCD lies on the Y Z coordinate
plane. This choice of frame is singular when RCD is parallel to RAD. The rotational frame
conditions are,
G1 ≡ rADx = 0 , G2 ≡ rADy = 0 , G3 ≡ rCDx = 0 . (67)
The frame is completely determined by (67) together with the auxiliary conditions RADZ > 0 and
RCDY > 0 defining the direction of the axes. From (67) and (2) we get,
R2ab =
 µ−1AD 0 µ−1D0 µ−1AD 0
µ−1D 0 µ
−1
CD
 , Qai =
 0 RADZ 0−RADZ 0 0
0 RCDZ −RCDY
 , (68)
with 1/µAD = 1/µA + 1/µD and similarly for the other reduced masses. The frame conditions are
therefore singular when det(Q) = −R2ADZRCDY = 0, i.e., when RAD and RCD are parallel, or
either one vanishes. With the matrix Q in (68) from (10) we obtain
F1A2 = − 1
RADZ
, F1D2 = 1
RADZ
, F2A1 = 1
RADZ
, F2D1 = − 1
RADZ
,
F3A1 = RCDZ
RADZRCDY
, F3C1 = − 1
RCDY
, F3D1 = RADZ −RCDZ
RADZRCDY
,
(69)
16
all other Fiαj vanishing. In turn this leads to
N−111 =
1
µADR
2
ADZ
, N−123 =
RCDZ
µADR
2
ADZRCDY
− 1
µDRADZRCDY
= N−132 ,
N−122 =
1
µADR2ADZ
, N−133 =
R2CDZ
µADR2ADZR
2
CDY
+
1
µCDR2CDY
− 2 RCDZ
µDRADZR2CDY
,
(70)
and the remaining components vanishing. With N−1 from (70), the rotational kinetic energy K2
(33) is completely determined.
Our choice of internal coordinates is motivated by calculational simplicity. We introduce
translation- and rotation-invariant internal coordinates depending polynomially on the position
vectors,
t1 = r
2
AD , t2 = r
2
CD , t3 = rCD · rAD ,
t4 = rBD · rAD , t5 = rBD · rCD , t6 = rBD · rCD ∧ rAD .
(71)
The ranges of variation for the first three coordinates are t1,2 > 0, |t3| < t1/21 t1/22 , whereas the
last three can take any real value. In the frame defined by conditions (67) and the associated
suplementary conditions, relative particle positions are given by
RAD =
√
t1Ẑ , RCD =
√
t1t2 − t23√
t1
Ŷ +
t3√
t1
Ẑ ,
RBD =
t6√
t1t2 − t23
X̂ +
t1t5 − t3t4√
t1
√
t1t2 − t23
Ŷ +
t4√
t1
Ẑ .
(72)
Particle position vectorsRA,B,C,D can of course be found from (72) together with the center-of-mass
condition.
The vibrational kinetic energy K0 in standard order is determined by the coefficients gab and
gb in (25). Due to the polynomial nature of ta, the results for gb are remarkably simple
g1 =
6
µAD
, g2 =
6
µCD
, g3 = g4 = g5 =
6
µD
, g6 = 0 . (73)
The expressions for gab are unavoidably more complicated, even though their dependence on Rα
is polynomial. Expressing gab in terms of internal coordinates ta we get, taking into account its
symmetry,
g11 =
4
µAD
t1 , g12 =
4
µD
t3 , g13 =
2
µAD
t3 +
2
µD
t1 , g14 =
2
µAD
t4 +
2
µD
t1 , g15 =
2
µD
(t3 + t4) ,
g16 =
2
µA
t6 , g22 =
4
µCD
t2 , g23 =
2
µCD
t3 +
2
µD
t2 , g24 =
2
µD
(t3 + t5) , g25 =
2
µCD
t5 +
2
µD
t2 ,
g26 =
2
µC
t6 , g33 =
1
µAD
t2 +
1
µCD
t1 +
2
µD
t3 , g34 =
1
µAD
t5 +
1
µD
(t1 + t3 + t4) ,
g35 =
1
µCD
t4 +
1
µD
(t2 + t3 + t5) , g36 = 0 , g44 =
1
µAD
R
2
BD +
1
µBD
t1 +
2
µD
t4 , (74)
g45 =
1
µBD
t3 +
1
µD
(R2BD + t4 + t5) , g46 = 0 , g55 =
1
µBD
t2 +
1
µCD
R
2
BD +
2
µD
t5 ,
g56 = 0 , g66 =
1
µA
(R2BDt2 − t25) +
1
µB
(t2t1 − t23) +
1
µC
(R2BDt1 − t24) .
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Here we have left R2BD indicated for convenience, its expression in terms of internal coordinates is
given by (72).
The vibrational-rotational coupling term K1 is given in (33) in terms of the coefficients Dak
and Bk (see (29) and (31a)). The expression for Dak can be written most compactly in terms of
position vectors. Its non-vanishing components are,
D21 = − 2
µD
RCDY
RADZ
, D31 = − 1
µAD
RCDY , D41 = − 1
µAD
RBDY
RADZ
, D42 = 1
µAD
RBDX
RADZ
,
D43 = 1
µAD
RBDXRCDZ
RADZRCDY
− 1
µD
RBDX
RCDY
, D51 = − 1
µD
RCDY +RBDY
RADZ
, D52 = 1
µD
RBDX
RADZ
,
D53 = 1
µD
RBDXRCDZ
RADZRCDY
− 1
µCD
RBDX
RCDY
, D61 = 1
µA
RBDXRCDZ
RADZ
,
D62 = 1
µARADZ
(RBD ∧RCD)X , D63 = RCDZ
RCDY
D62 + 1
µC
RADZRBDY
RCDY
.
(75)
The coefficients Bk, on the other hand, acquire a very simple form because the first term in (31a)
vanishes, leaving only the contribution from the second term,
B1 = 1
R2ADZRCDY
(
− 1
µAD
RCDZ +
1
µD
RADZ
)
=
1√
t1t2 − t23
(
− 1
µAD
t3
t1
+
1
µD
)
, (76)
and B2 = 0 = B3.
Finally, the Jacobian J˜ in the inner product (39) can be computed to give,
1
J˜
= 4(RAD ∧RCD)2 + 4µB
M
(RAD ∧RCD) · (RAD ∧RBD +RBD ∧RCD +RCD ∧RAD) . (77)
J˜ is singular at RAD ∧RCD = 0, as expected from our choice of frame and internal coordinates.
This singularity, together with the somewhat involved integration limits resulting from (71), make
the expression for the inner product computationally cumbersome. For systems whose equilibrium
configuration is far from the singularity, however, the contribution from that region should be
strongly suppressed by the wave functions in (39).
8 Final remarks
In this paper we derived the body-frame Hamiltonian for a system of N particles in terms of
frame conditions and internal coordinates. Obtaining the Hamiltonian in terms of frame conditions
instead of Euler angles and the inertia tensor and their derivatives leads arguably to computational
simplifications. All frames used in applications are defined by polynomial conditions, usually of
first or second degree. The coefficients N , D and B in the kinetic energy operator (33), given
by algebraic expressions in terms of first derivatives of those frame conditions, can be efficiently
evaluated with symbolic computer algorithms or, depending on N and the internal coordinates
ta being used, even by hand. In particular, there is no need to invert the inertia tensor, or to
compute its determinant or that of the vibrational kinetic tensor gab (25). Similarly, neither those
determinants nor derivatives of Euler angles are required for the computation of the volume element
in the quantum inner product as given by (35) and (36), and the derivatives of internal coordinates
involved in (36) are evaluated only at the frame manifold. Those simplifications should be more
apparent the larger the value of N . Furthermore, given a set of internal coordinates {ta}, it is
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straightforward to compute the Hamiltonian in different frames by changing the conditions Ga, as
illustrated in the examples of section 6.
The Hamiltonian is given in standard order in (33) and in the alternate forms (54) and (55).
Comparing those three forms leads to some useful relations among their coefficients, in particular
the expression (58) for the gauge field Aa in terms of frame conditions. One advantage of the
standard-order form (33) is that it is known to be equivalent to a path-integral formulation in
phase space with post-point discretization, whereas for the undefined orderings of (54) and (55)
the path-integral equivalents are in principle not known and have to be constructed. In section
4, in connection with the quantum inner product in the body-frame, we discuss two equivalent
representations for the angular momentum operators and the kinetic energy. Namely, as irre-
ducible matrices acting on ℓ-component wave functions, (43), and as differential operators acting
on rigid-rotator wave functions, (46). The rigid-rotator representation, which can be a convenient
alternative to the matricial one for some computations, appears naturally in the gauge-invariant
approach of [1].
In section 2 we discuss frame conditions from the point of view of their admissibility and
reparametrizations. Not discussed in this paper is the problem of frame singularities. From (3) we
see that the singular points on the frame manifold are determined by the equations det(Qai({R})) =
0 = Ga({R}), which are polynomial in R for polynomial Ga. Such algebraic formulation of the
problem might be useful in the study of frame singularities for larger values of N .
Applications of the approach presented here to the analyisis of systems with N > 3 are currently
in progress, and will be discussed elsewhere.
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A Remarks on the body-frame transformation
Equation (14) for ∂U/∂rα gives a relation between the dependence of U({θb}) on rα and the frame
conditions Ga. Notice that on the r.h.s. of (14) the dependences on {ta} and {θb} are completely
factorized, with Fmαn depending only on {ta}. We can rewrite (14) as,
Fiαj = 1
2
εikl
∂Ukm
∂rαn
UlmUjn . (A.1)
Differentiating both sides of (A.1) and using (20) and (31b) we obtain,
∂Fiαj
∂Rαj
=
1
2
εikl
∂2Ukn
∂rαm∂rαm
Uln . (A.2)
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Notice that the l.h.s. of (A.1) and (A.2) depend only on {ta}. The l.h.s. of (A.2) appears in the
coefficient Bl defined by (31a).
B Some useful identities
In this appendix we gather some useful relations analogous to (49) [3]. The last of these, (B.9), is
a closure relation which must hold on the frame manifold (1), except at singular points.
g−1ab = hab − aaiabjM−1ij (B.3)
Nij =Mij −
3N−6∑
c,d=1
h−1cd aciadj (B.4)
3N−6∑
b=1
gababi =MijN−1jk
3N−6∑
b=1
h−1ab abk (B.5)
N−1ij =M−1ij +
3N−6∑
a,b=1
AaigabAbj (B.6)
h−1ab = gab −
3N−6∑
c,d=1
gacAciNijAdjgdb (B.7)
det(M )
det(gab)
= det(hab) det(N ) (B.8)
mγδγβδjk =
3∑
a,b=1
R−2ab
∂Ga
∂Rγk
∂Gb
∂Rβj +
3N−6∑
c,d=1
mγ
∂Rγk
∂tc
h−1cd mβ
∂Rβj
∂td
+ δjk
mγmβ
M
(B.9)
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